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Example 2.1.8 Consider Z, the set of integers. Let a be a fived integer. Let
G={na|neZ}

That is, G consists of all multiples of a. Note that G C Z.

Now 0 =0a € G. So it follows that G is nonempty. Because + is commutative and assoctative on Z
and G 15 a subset of Z, it follows that + s commutative and associative on G. Moreover, note that 0 is
the identity element of G. Also for each na € G, —(na) = (—n)a € G and

na+ (—(na)) = 0 = (—(na)) + na.
We can now conclude that (G,+) is a commutative group.

Let n be a fixed positive integer, Chapter 1 extensively describes the set Z,, and the binary relation
=,on Z,. The next example shows that Z, together with the binary relation +,,, as defined in that
example, is a commutative group. The next two examples are, in fact, due to Gauss’s, whose work
vielded many new directions of research in Abelian groups.

Example 2.1.11 Let
Q[v2] = {a +bv2 | a,b e Q}.

Note that Q[v2] € R. Now 0 = 0+ 0v2 € Q[v2]. This shows that Q[v2] # 0. Define + on Q[v2] as
follows: for all a + by/2,c+dv2 € Q[V2],

(a+bV2) + (c+ dV2) = (a +b) + (c+ d)V?2).

It is easy to see that + is a binary operation on Q[\/2]. Note that + is the usual addition. Because
Q[V2] C R, it follows that + is associative and commutative on Q[v/2]. Next, for all a + b2 € Q[v/2],

(a+bv2) + (0 +0V2) = a+ bV2 = (04 0v2) + (a + bV2).

Thus, 0 = 0+0v/2 is the identity element of (Q[V/2], +). Note that the inverse of a+bv?2 is —a+(—b)V/2.
Hence, (Q[v2], +) is a commutative lgroups.
In a similar manner, we can show that (Q[v/2]\{0},") is a commutative group, where - is the usual

multiplication. Note that the identity of (Q[v/2]\{0},-) is 1 = 1 + 0v/2 and the inverse of a + bv/2 # 0
is griy — rigpE V2.



